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Abstract
The seminal works of Bekenstein and Hawking have revealed that black holes have a well-
defined thermodynamic description. In particular, it is often stated in the physical literature that
black holes, like mundane physical systems, obey the first law of thermodynamics: ∆S = ∆E/TBH,
where TBH is the Bekenstein-Hawking temperature of the black hole. In the present work we
test the regime of validity of the thermodynamic description of gravity. In particular, we provide
compelling evidence that, due to quantum effects, the first law of thermodynamics breaks down
in the low-temperature regime TBH × rH <∼ (h¯/rH)2 of near-extremal black holes (here rH is the
radius of the black-hole horizon).
1
I. INTRODUCTION
It is well known [1] that the thermodynamic description of mundane physical systems
breaks down in the low-temperature regime T ∼ h¯/R [2, 3], when the characteristic thermal
wavelengths λthermal ∼ h¯/T are no longer small on the scale R set by the spatial size of
the system. The physical properties of these low-temperature systems are dominated by
quantum (rather than thermodynamic) effects. Thus, the thermodynamic description of
mundane physical systems is known to be restricted to the high-temperature regime [1]
T × R≫ h¯ . (1)
Interestingly, black holes are unique in this respect. It is well known that the Bekenstein-
Hawking temperature [4, 5] of the Schwarzschild black hole is given by TBH = h¯/4pirH,
where rH = 2M is the radius of the black-hole horizon. Thus, Schwarzschild black holes are
characterized by the relation TBH × rH ∼ h¯.
Moreover, the Bekenstein-Hawking temperature of Kerr black holes is given by
TBH =
h¯(r+ − r−)
4pir2+
, (2)
where r± = M + (M
2 − a2)1/2 are the black-hole (outer and inner) horizon radii [6]. Thus,
rapidly-rotating Kerr black holes in the near-extremal r+−r− ≪ r+ regime are characterized
by the strong inequality
TBH × r+ ≪ h¯ . (3)
It is quite remarkable that black holes have a well defined thermodynamic behavior in the
low-temperature regime (3), where mundane physical systems are governed by quantum
effects and no longer have a self-consistent thermodynamic description.
One naturally wonders whether the thermodynamic description of black holes is valid
all the way down to the zero temperature T × r+ → 0 limit? In order to address this
interesting question, we shall analyze in this paper the regime of validity of the first law of
thermodynamics for black holes.
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II. BLACK HOLES AND THE FIRST LAW OF THERMODYNAMICS
For a closed physical system with a well defined temperature T , a change ∆E in the
energy of the system results with a change [7, 8]
∆S =
∆E
T
(4)
in the entropy of the system. This famous differential relation, known as the first law of
thermodynamics, is one of the most important features of the thermodynamic description
of mundane physical systems.
It is often stated in the physical literature (see e.g., [9]) that black holes, like ordinary
thermodynamic systems, also obey this law. However, the regime of validity of the standard
thermodynamic description of black holes has never been discussed in the literature. In the
present paper we would like to raise the following intriguing question: Do black holes always
obey the first law of thermodynamics?
In order to address this interesting question, it proves useful to examine carefully the
assumptions made in the physical literature in deriving the first law of black-hole thermody-
namics. The characteristic Bekenstein-Hawking entropy of a black hole is given by a quarter
of its horizon area [4, 5]:
SBH =
A
4h¯
. (5)
Remembering that the surface area of Kerr black holes [10] is given by A = 4pi(r2+ + a
2) =
8piMr+, one finds [11]
SBH =
2piM{M + [M2 − (J/M)2]1/2}
h¯
. (6)
Consider now a physical process which changes the energy (mass) of the black hole by
a small amount ∆E ≪ M [12]. From Eq. (6) one finds that the resulting change in the
Bekenstein-Hawking entropy of the black hole is given by the rather cumbersome expression
h¯
2pi
∆SBH = (M+∆E)
{
M+∆E+
[
(M+∆E)2−
( J
M +∆E
)2]1/2}
−M
{
M+
[
M2−
( J
M
)2]1/2}
.
(7)
A careful inspection of Eq. (7) reveals that if M∆E ≪ (r+ − r−)2 then, to leading-order
in the small ratio M∆E/(r+ − r−)2, the changes in the black-hole entropy and energy are
related to each other by the standard first law of thermodynamics,
∆SBH =
∆E
TBH
, (8)
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where TBH as given by (2) is the familiar Bekenstein-Hawking temperature of the black hole.
On the other hand, in the opposite regime M∆E ≫ (r+ − r−)2 one finds from (7) the
non-standard relation
∆SBH =
√
8pi
h¯
M3/2
√
∆E (9)
between the changes in the physical parameters (entropy and energy) of the black hole.
One therefore concludes that, for black holes in Einstein gravity, the validity of the
standard first law of thermodynamics, Eq. (8), is restricted to the regime
(r+ − r−)2
r+
≫ ∆E ≥ ∆Emin , (10)
where ∆Emin is the smallest possible change in the energy (mass) of the black hole. Thus,
in order to determine the regime of validity of the law in the context of black-hole physics,
one should first determine the value of the fundamental physical parameter ∆Emin.
How small can ∆Emin, the minimal change in the energy (mass) of a black hole, be made?
The answer to this question at the classical level was given by Christodoulou and Ruffini [13]:
the capture of a point particle by a black hole is characterized by the relation ∆Emin = 0 if
the particle is captured at the black-hole horizon from a radial turning point of its motion.
In this scenario the energy (as measured by asymptotic observers) of the absorbed particle is
completely red-shifted. Substituting ∆Emin = 0 into (10) one deduces that, at the classical
level, the first law of thermodynamics may be valid all the way down to the extremal limit
TBH → 0.
However, as emphasized by Bekenstein in his seminal work [4], the classical limit of a
perfectly localized particle (a point particle) is physically unacceptable in a self-consistent
quantum theory of relativity. In particular, due to the quantum uncertainty principle [14],
the particle cannot be localized at the black-hole horizon without having a non-zero radial
momentum (kinetic energy). Specifically, the Heisenberg uncertainty principle sets a lower
bound on the smallest possible energy delivered to the black hole by the captured particle
[4]:
∆Emin = 2piTBH . (11)
Substituting (11) into (10) one finds that, within the framework of a self-consistent quantum
theory of gravity, the validity of the first law of thermodynamics, Eq. (8), is restricted to
the regime [15]
TBH × r+ ≫
( h¯
r+
)2
. (12)
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III. SUMMARY
The seminal works of Bekenstein and Hawking have revealed that gravity has a well-
defined thermodynamic description. In particular, it is often stated in the physical literature
that black holes, like mundane physical systems, obey the first law of thermodynamics:
∆E = TBH∆S, where TBH is the Bekenstein-Hawking temperature of the black hole. In the
present paper we have explored the regime of validity of this law. In particular, we have
shown that, due to quantum effects, the first law of thermodynamics breaks down in the
low-temperature regime
TBH × rH <∼
( h¯
rH
)2
(13)
of near-extremal black holes.
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